Let Λ be an isolated non-trival transitive set of a C 1 generic diffeomorphism f ∈ Diff(M ). We show that the space of invariant measures supported on Λ coincides with the space of accumulation measures of time averages on one orbit. Moreover, the set of points having this property is residual in Λ (which implies the set of irregular + points is also residual in Λ). As an application, we show that the non-uniform hyperbolicity of irregular + points in Λ with totally 0 measure (resp., the non-uniform hyperbolicity of a generic subset in Λ) determines the uniform hyperbolicity of Λ.
Introduction
Let M be a closed C ∞ manifold and let Diff(M) be the space of diffeomorphisms of M endowed with the C 1 −topology. Denote by d the distance on M induced from a Riemannian metric on the tangent bundle T M. Let f ∈ Diff(M).
For a given compact invariant set Λ, let P (f | Λ ) be the set of periodic points of f in Λ. Given two periodic points p, q ∈ P (f | Λ ), we say p, q have the barycenter property, if for any ε > 0 there exists an integer N = N(ε, p, q) > 0 such that for any two integers n 1 , n 2 , there exists a point x ∈ P (f | Λ ) such that d(f i (z), f i (p)) < ε, −n 1 ≤ i ≤ 0, and d(f i+N (z), f i (q)) < ε, 0 ≤ i ≤ n 2 . Λ satisfies the barycenter property if the barycenter property holds for any two periodic points p, q ∈ P (f | Λ ).
Given a compact f-invariant set Λ, Λ is transitive if there is some x ∈ Λ whose forward orbit is dense in Λ. A transitive set Λ is trivial if it consists of a periodic orbit. Λ is isolated if there is some neighborhood U of Λ in M such that Λ = ∩ k∈Z f k (U). Denote by M f (Λ), M erg (Λ) and M p (Λ) the sets of all f invariant measures, ergodic measures and periodic measures supported on Λ respectively. Clearly
Given a measure µ and x ∈ M, denote by V f (µ) and V f (x) respectively the set of all accumulation points of time average
is a nonempty closed and connected subset of invariant measures. Now we state the first theorem as follows.
Theorem 1.1. Let Λ be an isolated non-trival transitive set of a C 1 generic diffeomorphism f ∈ Diff(M). Then the space of invariant measures supported on Λ coincides with the space of the approximation measures along one orbit, i.e., there is x ∈ Λ such that M f (Λ) = V f (x). Moreover, the set of such points is residual in Λ.
Let us recall the definition of irregular + point. A point x ∈ M is called irregular for positive iterations (or shortly irregular + ) if there is a continuous function φ : M → R such that the sequence
+ . By Theorem 1.1, these points are "many" for generic diffeomorphisms. But by Birkhoff ergodic theorem, the set of irregular + points is a totally probability 0 measure set, i.e., for any invariant measure, its measure is zero. So irregular + points is "few" in the probabilistic perspective. It is a very interesting phenomena.
We recall the notions of uniform hyperbolicity and non-uniform hyperbolicity. Let f : M → M be a diffeomorphism on a compact manifold M. A compact invariant set ∆ of f is called hyperbolic if there is a continuous invariant splitting T ∆ M = E ⊕ F and two constants C > 0, 0 < λ < 1, such that
We say that a point x ∈ M is a NUH point or, simply, NUH, if
there exist two constants η > 0, L ∈ N and a Riemannian metric · such that lim sup
The following Theorem shows that the non-uniform hyperbolicity of a totally 0 measure set determines the uniform hyperbolicity of the whole space. More precisely, for an isolated non-trival transitive set Λ of a generic diffeomorphism, the non-uniform hyperbolicity of irregular + points in Λ determines the uniform hyperbolicity of Λ. Theorem 1.2. Let Λ be an isolated non-trival transitive set of a C 1 generic diffeomorphism f ∈ Diff(M) and let T Λ M = E ⊕ F be a continuous Df -invariant splitting over Λ. Let U ⊂ Λ be a nonempty open set. If (generic) irregular + points in U satisfy NUH condition with respect to T Λ M = E ⊕ F , then Λ is a hyperbolic basic set for f.
2 Proof of our Theorem 1.1
In this section we suppose the assumptions of following lemmas are all the same as Theorem 1.1.
(ii) Λ satisfies the barycenter property.
Proof The proof of (i) and (ii) are given in [1] , see Theorem 3.5 and Proposition 4.8, respectively.
An argument by Bonatti and Díaz [2] , based on Hayashi Connecting Lemma [4] , shows that isolated transitive sets Λ of C 1 generic diffeomorphisms are relative homoclinic classes:
There is some periodic point p such that Λ = H(p), where H(p) denotes the homoclinic class of p.
Here we divide into the following two lemmas to prove Theorem 1.1.
Lemma 2.3.
There is x ∈ Λ such that M f (Λ) = V f (x). Moreover, the set of such points is dense in Λ.
Proof Since M f (Λ) is closed and connected, there exists a sequence of closed balls B n in M f (Λ) with radius ε n (in some metric d compatible with the weak * topology) such that the following holds:
We may also assume that the center of B n is a periodic measure Y n . The support of Y n is the orbit of some periodic point x n ∈ Λ whose period is p n . Let x 0 ∈ Λ be given and U 0 the open ball of radius δ around x 0 . By Lemma 2.2, the set of periodic points in Λ is a dense subset. Hence, without loss of generality, we can assume x 0 is a periodic point. Since M f (Λ) ⊇ V f (x) is trivial, we only need to show that there exists an x ∈ U 0 such that M f (Λ) ⊆ V f (x).
Step 1 choose some x ∈ U 0 that we need. Let z 0 = x 0 . By Lemma 2.1 (ii), Λ satisfies barycenter property. For periodic points z 0 = x 0 and x 1 , there exists a positive integer M 1 and a periodic point z 1 ∈ Λ such that
Using barycenter property again, for periodic points z 1 and x 2 , we have a positive integer M 2 and a periodic point z 2 ∈ Λ such that
where
In general we have a positive integer M n and a periodic point z n ∈ Λ such that
It is easy to check that for m > n,
Since d(z n−1 , z n ) < 2 −n δ, the sequence z n converges to some point x ∈ U 0 , and one has
Remark that if A is a finite subset of N, then
for any y ∈ M and ξ ∈ C(M).
Step
Let ν ∈ M f (Λ) be given. By (b) and (c) there exists an increasing sequence n k ↑→ ∞ such that Y n k → ν. Let ξ ∈ C(M) be given with ||ξ|| ≤ 1, and denote by w ξ (ε) the oscillation
Let ν n denote the measure δ(x) bn . Thus
So by (2.1),
Since ||ξ|| ≤ 1, (2.2) implies, with A = [a n , b n ] ∩ Z,
Since w ξ (2 −n+1 δ) → 0 and 2an bn−an → 0 as n → +∞, this shows that
Hence ν n k → ν and thus ν ∈ V f (x).
Proof Denote by M(Λ) the set of all Borel probability measures defined on Λ. Take open balls
It is easy to see that the set of points with
By the definition of P (U i ), for any i,
N is continuous (for fixed N), the sets of ∪ N >N 0 {x ∈ Λ | δ(x) N ∈ V i } are open. By Lemma 2.3, the sets of
3 Proof of our Theorem 1.2
Before proving Theorem 1.2 we need the following lemma [3] by Y.Cao.
Lemma 3.1. Let f : M → M be a C 1 local diffeomorphism on a compact manifold and let Λ be a compact and f −invariant set. Suppose that there exists a continuous Df -invariant splitting T Λ M = E ⊕ F . If the Lyapunov exponents restricted on E and F of every f invariant probability measure are all negative and positive respectively, then Λ is uniformly hyperbolic.
The following lemma shows that the NUH condition of a point x with M f (Λ) = V f (x) determines the uniform hyperbolicity of Λ, which can deduce Theorem 1.2. Let ϕ E (x) = log Df L | E(x) , x ∈ Λ.
we have
for all x ∈ ∆ ∩ ∆ ′ . By Lemma 3.1 one gets that E is a contracting subbundle. Similarly we also have that F is an expanding subbundle.
